
T = temperature 
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= liquid phase mole fraction 
= vapor phase mole fraction 

Russ. J .  Phys. Chem., 46 (9), 1385 (1972). 
Engels, P., and G. M. Schneider, “Excess Volumes ofa Binary Liquid 

Mixture at High Pressure,” Ber. Bunsenges. Physik. Chem., 76 (12), 
1239 11972). 

Jacoby, R. H.‘ and J. H. Tracht, “Collection of Samples under Pressure 
for Chromatographic Analysis and a System for Handling Gas Con- 
densate Type Fluids,”J. of Chromatog. Science, 13 (l), 44 (1975). 

Krichevsky, I., and D. Gamburg, “The Solubility of Benzene in Com- 
press& Nitrogen,~~ActaP~ysicoc~em, U,R.S,S,, Is(5-6), 362(1942). 

Lentz, H., “A Method of Studying the Behavior of Fluid Phases at High 
Pressures and Temperatures,”Rew. Sci. Instrum., 40 (2), 371 (1969). 

Michels, A., G .  F. Skelton, and E, Dumoulin, Phase 
Equilibrium in the system ~ m m o n ~ a ~ ~ y ~ r o g e n ~ ~ ~ ~ r o ~ e n , ~ ~ ~ ~ y ~ c a ,  
16 (11-12), 831 (1950). 

Yarborough, L., and J. L. Vogel, “A New System for Obtaining Vapor 
and Liquid Sample Analyses to Facilitate the Study of Multicompo- 
nent Mixtures at Elevated Pressures,” Chem. Eng. Progr. Symp. 
Series, 63 (81) (1967), 

LITERATURE CITED 

Akew W. W., D. M. Kehn, and C. H. Kikore, “Volumetricand Phase 
Behavior of Nitrogen-Hydrocarbon Systems: Nitrogen-n-Heptane 
System,” Znd. Eng. Chem., 46, 2536 (1954). 

Alwani, Z.,  and G. M. Schneider, “Phasengleichgewichte, Kritische 
Erscheinungen and PVT-Daten in Bin’ren Mischungen von Wasser 
mit Aromatischen Kohlenwasserstoffen his 420°C und 2200 bar,” Ber. 
Bunsenges. Physik. Chem., 73 (3), 294 (1969). 

Battino, R. ,  M.  Banzhof, M. Bogan, and E. Wilhelm, “Apparatus for 
Rapid Degassing of Liquids,” Anal. Chem., 43, 806 (1971). 

Dorokhov, A. I., V. M. Zakurenov, and V. F. Nozdrev, “Gas-Liquid 
Chromatographic Study of the Composition of Multicomponent Mix- 
tures along& Liquid-Vapour Equiiibrium Line up to Cntical State,” Manuscript receioed May 16, and accepted July 16, 1980. 

Liquid Film Flowing Slowly Down a Wavy 
Incline 

A viscous lamina of given mean thickness flows down a wavy indine. Assuming 
low Reynolds number and small perturbations due to the wavy striations, the 
velocity profiles and the free surface profile are determined. It is found that the 
amplitude and phase shift of the free surface depend, in a complicated manner, on 
the surface tension and the wave length and orientation of the wavy striations. The 
motion of a particle on the free surface experiences drift which is also a function of 
the surface tension, the amplitude, wave length and orientation of the wavy 
incline. 

C-Y WANG 
Department of Mathematics 

Michigan State University 
East Lansing, Michigan 48824 

SCOPE 

The flow of a liquid lamina down an inclined plane is impor- 
tant in many chemical engineering processes, e.g., film cool- 

dip Painting, swept film evaporators and vapor conden- 
sers- For low Reynolds numbers (less than about 5 )  the flow 
smooth and laminar. Instability or ripples appear on the sur- 

where a is the inclination of the plate. The flow becomes 

review of the theory and experiments on film flow was given by 
Fulford (1964). 

The low Reynolds number flow down a smooth plate was first 
investigated by Hopf (1910) and Nusselt (1916). The velocity 

profile was a simple parabola. No theoretical or experimental 
work exists when the plate is not smooth but wavy, although 
some experiments show ridges or surface roughness increase 
turbulence at high Reynolds numbers (e.g. Laird et al 1962). 
The present paper studies the flow down a wavy or striated 

face when the Reynolds number is larger than about 

turbulent when the Reynolds number is Over 250. An excellent 

CoSeC plate at low Reynolds numbers. The striations may be caused 
by wear> imperfect machining Or they may be as On 

textured surfaces. Particular emphasis is placed on the effect of 
striations on flow rate and on the lateral drift of the fluid when 
the direction of the striations is at an angle with the horizontal 
plane. 

CONCLUSIONS AND SIGNIFICANCE 

It is found, for a fixed mean depth of the film, the flow 
transverse to the striations is decreased in comparison to that of 
a smooth plate while the flow along the striations is increased. 
The decrease and increase of flow are not compensatory and 
depend on complicated functions of the wave length and a 
parameter D which includes the effect of the orientation of the 
striations and the surface tension. The fluid particles thus 
experience a drift (a tendency to flow in the direction of the 
0001-1541-81-4368-0207-$2.~ The American Institute of Chemical Engineers, 

1981. 

striations). The mean drift angle increases with the amplitude 
of bottom striations. It decreases with increased wave length, 
inclination of the plate and surface tension. The striations on 
the inclined plate thus exert considerable influence on the 
transport properties of film flow. 

The film flow over an inclined wavy plate, especially the 
three dimensional flow studied in the paper, has never been 
investigated before. It is hoped that the present work would 
lead to further discussion on this important topic, both experi- 
mentally and theoretically. 
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A [FREE SIJRFACE- 

BOTTOM PLATE 

RIZONTAL 

Figure 1. Coordinate system showing particle path (dotted line). 

INTRODUCTION 

The major difficulty of the problem of fluid flow with a free 
surface is that the location of the free surface is not known 
a priori. For two dimensional inviscid potential flow, this 
difficulty can be circumvented by a transformation into the 
hodograph (velocity) plane. The success of this method relies on 
the fact that the two dimensional Laplace's equation is invariant 
under conformal transformation. Viscous free surface flows, un- 
fortunately, do not have this property. Thus, very few solutions 
exist for viscous flow with a free surface. 

Figure 1 shows the coordinate system. Let (x', y', z' )  be 
Cartesian coordinates with unit directions (i, j ,  k) respectively. 
The wavy plate is situated at z' = a + b sin(2&/1) and the still 
unknown free surface is at z' = uf(x') .  We require thatf(x') have 
zero mean such that the mean distance between the boundaries 
is constant a .  Let g be the gravitational acceleration and let LY 

(the mean angle of incline of the plate) and P (the angle of the 
wavy striations) be defined as follows 

g c o s f f  = g . k  - (1) 

g sin a cos /3 = - g . j 
g sin (Y sin P = - -  g . j 

(2) 

(3)  

without loss of generality, we restrict to the range 0 < a < rr/2, 
0 5 /3 5 rr/2. It is evident from the geometry that pressure, 
velocity and the shape of the free surface are independent of y'. 
The governing equations are: 

g = l g l  (4) 

1 ap' u'u 's ,  + w'u' , ,  = - -- 
P ax' 

The boundary conditions are: 

on z'  = a+b sin(2rrx'/l), u' = G '  = w'  = 0, (9) 

shear stresses = 0 (10) 

and on the unknown free surface z '  = uf(x ' )  

tafs 'S * 

[I + uZCfsz)']"l" 
normal stress = - p : ,  - 

We first solve Eqs. 5, 7 and 8 for the flow across striations ( in i  
direction), then use these results to solve Eq. 6for the flow along 
striations (in - j direction). 

Flow Across Striations 

Let Q be the (still unknown) amount ofvolume flow rate in the 
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idirection. We normalize all lengths by a ,  the velocities by Q/a ,  
the pressure by pvQ/a2  and drop primes. Eqs. 5-8 become: 

R(uu, + wu,) = - - + u,r,r + u,, a P  
ax 

+ g sin a cos /3a3/(vQ) 

R(uu, + wu,) = usS + G,, + g sin a sin /3a3/(vQ) 

(12) 

(13) 

aP 
az 

R(uw, + WW,) = - - + wSs 

+ w,, + g cos aa3/(vQ) (14) 

For the flow across striations, we define a stream function: 

(16) 

Then Eqs. 12 and 14 reduce to: 

We now assume the amplitude of the wavy plate is small com- 
pared to the depth of the fluid, while the wave length is of same 
order as the depth: 

b 
a (18) E - << 1, h = = O j l )  

We also assume the Reynolds number is of order E or smaller: 

R = K € ,  K = o(1) (19) 
This is reasonable for fluids of high viscosity. Let s be the 
direction tangent to the boundary and n be the direction normal 
to the boundary. The boundary conditions become: 

(20) 
a9 on z = 1 + E sin Ax, $ = 1, - = 0 
an  

The boundary conditions (Eqs. 20-22) are extremely difficult to 
apply directly because f(x) is unknown. Since E is small, the 
perturbed surface f ( x )  should also be small. We expand the 
variables with respect to E :  

(23) 

(24) 

(25) 

(26) 

+(x, z )  = + E 9 1  + E 2 G 2  + . . . 

p ( x ,  z )  = p ,  + € P I  + E 2 p 2  + . . . 

f ( x )  = Egl + €2& + . . . 
Q = Qo + eQI + e2Q2 + . . . 

Eq. 20 yields: 

1 = J, j l + t s i n u  = ($0 + €9, + ~ ' $ 2  + . ' 1  /I+tsinh.r 
€ 2  

2 
= $01, + E sin / I  + - sin2 I I  

+ e2  sin Ax+lzll + ~ ~ 1 L 2 / ~  + . . . (27) 

V(z - 1 - E sin Ax) 
lv(z - 1 - sin Ax)/ I+rsinAJ 

a9 
an 0 = - I l + c s i n h  = ' 9  
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- e2A cos Ax sin Az-+ozzll - e2A ms  art,!^^^^^ + , . . ]  (28) 

Similarly Eq. 21 gives 
e2g: 

0 = $010 + Eg,$ozlo + .2g2$o*lo + yj- Jlozzlo 

+ EJIllO + E2g,$1zI0 + eV210 + . ’ ’ (29) 

Eq. 22 are more difficult. A rotation of the stress tensors from 
(s, n) axes to ( r ,  z )  axes gives: 

1 Afss 
(1 + fs)3’2 (31) 1 + fs” T z z  + 

+- 

But 

(38) 

The zeroeth order solution is the flow down an inclined flat plate 
with a parabolic velocity profile: 

Using Eq. 39, Eqs. 12, 14, 16, 23, 24, and 26 give: 

p o x  + EP1.I + EZP2.c = J I o z a  + E$I.r,Z + €$lZZZ 

pg cos aa3 

A Q o  + EQI + @Qz) 
- E2JIzsrs - e2JI,azzs + 

+ ~ 2 ~ ~ o z ~ l s s  + (41) 

The eo terms yield: 

pos = -3 + pg sin a cos pa3/(pQo) (42) 

Since we d o  not expect any mean pressure gradient, par cannot 
admit non-zero constants. This determines the primary flow rate 
00: 

Qo = pg sin a cos Pa3/(3v) (43) 

From Eqs. 38 and 41, we also find: 

PO = 3Bz + (44) 

where B E cot a sec /3. The first order equations are: 

V4+1 = K($O~V~JIO~ - JIosVz$oz) = 0 (45) 

pg sin a cos pa3 

pq20 91 PI, = $I,,, + $I*,, - 

Since pl, cannot admit non-zero constants and JI1 is periodic, 

~ i r I o  = ($issz + $izzz)/o, Qi = 0 (51) 

We differentiate Eq. 49 with respect to x and eliminate pl from 
Eq. 51. 

The function g, is then eliminated from Eqs. 47 and 52. 

1 A 
2 

Similarly Eqs. 47 and 48 give: 

- “$1sxz + $1zzz)lo - 2B$l,IOI = -(Clt.rsrlo - 3 *o.r.rzlo (53) 

$lZ*lO - $l.r,lO + 2(Cl,Io = 0 (54) 

= e‘””F(z) (55) 

Let 

where the real part of the product is implied. Eqs. 45, 46, 53, 
and 54 give: 

(56) 

F(1) = 0, F’(1) = -3i (57) 

(58) 

(59) 

F”” - 2A2F” + X4F = 0 

F“’(0) - 3h2F‘(0) - 2iA 

F”(0) + (A2 + 2)F(O) = 0 

The solution is: 

F(z) = C { - L  sinh hz + cosh hz - M z  sinh hz 
+ [ ( M  + L) tanh A - 112 cosh hz} (SO) 
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A 

I a 

x 
Figure 2. Amplitude of free surface. 

where 

---.--%\ 

0" 0 ~ 1 2 3 4 5 

h 

Figure 3. Phase shift of free surface. 

- 3i 
L sinh A - cosh A(2 + A' + AL) + A(M + L )  tanh A sinh A 

C S  

and 

We see that the effect of inclination angle and surface tension 
can be combined into a single parameter D. From Eqs. 47, 50, 
55, and 60, we obtain the pressure and the shape of the free 
surface 

(62) 
i 
A 

g 1 = - -  rcrll0 = - ethXC A sin (Ax + y )  (63) 

The free surface has the same period as the wavy plate. How- 
ever, its amplitude A and phase yare  complicated functions of D 
and A. Figure 2 shows the amplitude of the free surface A. It is 
seen that the amplitude increases with decreasing A (increasing 
wave length of the wavy plate) and with decreasing D (steeper 
plate angle with Row normal to direction of striations or less 
surface tension). Figure 3 shows the dependence of phase shift y 
on A and D. The free surface is in phase with the plate when A = 
0, A + 00 or D = 0. Maximum phase shift of r i2  is attained as A- 
0 and D -+ m. 

The second correction to the free surface, g 2 ( x ) ,  may be 
obtained by simultaneously solving for rcrZ(x, z). In what follows 
we shall concentrate only on the mean effect of the striations, 
which enters in the second order. 

p1 = [iAF'(z) - - F"'(z)]e'"" 

2 2 .  

The Effect on Flow Rate 

Since Q1 is zero, any change in Row rate must be of second 
order. The problem is greatly simplified ifwe concentrate on the 
nonperiodic terms only. Let the nonperiodic part be denoted by 
a bar. Eq. 17 becomes: 

(64) $z""(z) = 0 

The nonperiodic, O(E')  terms of Eqs. 27, 28,29,33,34,40 and 41 
are: 

- -3  
4 

o = -  

3 C* 
2 3 

0 = - @ - - F'(0) + $z(O) 

4 
3 

0 = - A2C*F'(0) - 3 g  

- c* [F" ' (O)  + A'F'(O)] + $;(O) (68) 
3 

1 C* 
- { 3 B g  - [iA3F(0) 
2 

2 
9 

- iAF"(O)] + + - AzCC*pC,} 

iX3C* 
3 F(O)  (69) - _  - -  

- 

Qz 0 = $";(z) - 3 - 
90 

QZ 

Qo 
jizz = -3B - 

Here C* is the complex conjugate of C and we have made use of 
the conditiTn that g 2 ( x )  have zero mean. Eqs. 63-68 uniquely 
determine Gz: 

q2 = A. + Alz + A2zZ + A,z3 (72) 

The increase in Row is obtained from Eq. 70: 

3 
( M  tanh A - 1) + - 

3 2 
cc* - -- 

- iC[A(M + L )  tanh A sinh A 

- M A  cosh A - A sinh A] (73) 

Figure 4 shows Gz/ QO as a function of A and D. Since 02 is 
negative, a decrease in mean flow rate due to the waviness of the 
plate is observed. The decrease is greatest for large D and large 
A .  As A 4 w, Q2/Q0 -+ 312 - 3h. 

Flow Along Striations 

Having determined the location of the free surface, we are 
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Figure 4. Increase in mean flow in x direction. 

now in the position to obtain the flow in thef direction. The 
boundary conditions are: 

on z = 1 + sin Ax, u = 0 

on z = Egl + E2g2 + . . . , 
a0 a0 

ax az T,, = 0 or -(egis + 42g2s + . . . )  - + - = 0 

We expand 

u = uo + CGl + €2U2 + . . . 
Eqs. 13, 74, and 75 yield: 

g sin a sin Pa3 

VQO 
uoss + ~ a z r  = - = -3 tan p 

au 
U0ll = 0, -2- lo = 0 az 

From which we obtain: 

3 tan p 
2 

uo = ____ (1 - 2) 

The next order equations are: 

91 - 
00 

olss + ulzz = 3 tan /3 - - 0 

ull1 = - sin AxuOzll = 3 sin Ax tan /3 = -3i tan peihs 

uiJo = gts~os(o - g1uo+,(o = -2 tan Bceib  

The solution is: 

2 c  
01 = 3 tan Beib [ (x tanh A 

Since ul is periodic in x, any contribution to net flow rate in thef 
direction is of order 6’. We have 

- 
- Q2 uzzz = 3 tan p - 

Qo 

h 
Figure 5. Increase in mean flow in y direction. 

+ iC sech A - - 3 A tanh A + - 
2 

The total mean flow in j direction, per unit width, is: - 
l+ninhs 

udz = I ‘ 6 d z  
€ S l + H O Z  0 

+ E’ sin Xxu1(, - e2glollo 

I 
€2 - E 2  - 
2 2 

+ - sin2 Axu0,(, - - g:uo,lo + O(e4) 

1 = tan p + tan p { - [ ( M  - $)tanh A - 1 

3 
2 

- - A tanh A + iC[A(M + L) tanh A sinh A 

- M A  cosh A - A sinh A + 2 sech A] + O(e4) 1 
E tan p[1 + e2F(h, D) + O(e4)] (88) 

We see that the flow in the j direction is increased by e2 tan PF(A, 
D) due to the waviness of &e bottom plate. The function F(A, D) 
is plotted in Figure 5. Also, the flow injdirection is increased by 
increased D. For fixed D, increased A in general increases flow, 
inspite of the existence of a local maximum for D 2 7.21, A 5 
1.20. The asymptote for large A is F - 3A/2. The decrease of flow 
in the x direction is not compensated by the increase in flow in 
the y direction. 

Drift 

We shall discuss the “drift” of a particle on the free surface. 
Let be the direction of the velocity of a particle on the free 
surface if the bottom plate were flat, and let y be its planar 
velocity vector if the plate is wavy. More precisely, 

r = g - @ k ) k  (89) 

(90) V uj + uj - 
Figure 1 shows ,V and r differ by a drift angle 6. We find 

To the first order (Eq. 91) gives: 

The solution is: 
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= E cos /3 sin /12eib - tanh A I: 
C 
3 

- i sech A - - [ ( M  + L)  tanh A - LA - 13 

= cH(A, /3, D)ei(“S+v’ + O(e’) (92) 
where H is real. The mean drift angle is of second order: 

- -  +-(%- a =)lo + o(E4) 
az 110 

= €‘sin /3 cos /3S(A, D )  + O ( E ~ )  (93) 

S(A, D) can be obtained from the velocities found previously. 
We find the mean drift angle increases with the square of the 
amplitude of bottom corrugations. It is also maximum when /3 = 
45” and when A and D are large. 

DISCUSSION 

We mention here the related stability problem of film flow 
down a smooth incline which also involves a wavy free surface. 
The major physical difference from the present paper is that the 
surface waves of the stability problem are unsteady, and may 
occur only at higher Reynolds numbers while the surface waves 
caused solely by bottom striations are steady, completely de- 
terministic and occur for any Reynolds number (although only 
the small Reynolds number case is analyzed here). At high 
Reynolds numbers the bottom striations may excite unstable 
waves of equal wave length, which is a destabilizing effect. 

Mathematically, our first order correction is similar to the 
stability problem, albeit with different boundary conditions. 
The infinitesimal stability problem was studied by Benjamin 
(1957) and Yih (1963). The linearized Orr-Somerfeld equation 
was solved but the wave amplitude cannot be  determined. The 
finite amplitude stability problem was investigated by Benny 
(1966), Lin (1969) and Krantz and Goren (1970), who studied the 
nonlinear growth of small amplitude waves. None of the previ- 
ous authors studied the second order affects which govern the 
changes in flow rate and drift. 

The fluid flow of infinite depth over a wavy bottom was 
studied by Benjamin (1959), Thorsness e t  al. (1978). Again, the 
theory is of first order without the second order effects studied 
here. The present paper is further complicated by the existence 
of afree surface which characterizes film flow and a three dimen- 
sionality caused by striations at an angle with the horizontal. 

NOTATION 

a = depth of fluid 
A = amplitude of g, 
b = amplitude of wavy plate 
B = cot a sec /3 = g . . i 
C = a function of A;D 

D = B + - A A 2  

f = function of x 
F = a function of A, D 
g = gravitational acceleration 
‘ir = function of A, p, D 
j = unit vector 

= unit vector $ = unit vector 
1 = period of wavy plate 
L = iD/A2 
M = A +  l / A  

1 
3 

n 
P 
P a  

r 
R 

S 
t 
T n s  
T n n  

y 

Q 
- 
S 

U 

U 

W 

X 

Y 
z 

= direction normal to boundary 
= pressure 
= ambient pressure 
= flow rate 

= Reynolds number = Q / v  
= direction tangent to boundary 
= function of A, D 
= surface tension 
= normalized stress tensor 
= normalized stress tensor 
= velocity in x direction 
= velocity in y direction 
= planar velocity uu; + ug 
= velocity in z direction - 
= Cartesian coordinate 
= Cartesian coordinate 
= Cartesian coordinate 

= g - (g . !dk 

Greek letters 

a 
/3 
6 = drift angle 
E = b / a  
rl 
K = R a / b  
A = h a / l  
A 

P = density 
$ = stream function 
Y = phase shift of g ,  

= mean angle of incline of the plate 
= angle of the wavy striations 

= phase shift of drift 

= normalized surface tension ta/ (pvQ) 
V = kinematic viscosity 
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